Graduate Group in Applied Mathematics
University of California, Davis
Preliminary Exam
March 29, 2012

Instructions:
o This exam has 3 pages (8 problems) and is closed book.
» The first 6 problems cover Analysis and the last 2 problems cover ODEs.
e All problems are worth 10 points.

« Explain your answers clearly. Unclear answers will not receive credit. State results and theo-
rems you are using.

o Use separate sheets for the solution of each problem.

Problem 1: (10 points)
For u € L'(0,00), consider the integral

v(x):f —L—t—(-)idy
0o X+Yy

defined for x > 0. Show that v(x) is infinitely differentiable away from the origin. Prove
that v’ € L*(¢,00) for any € > 0. Explain what happens in the limit as € — 0.

Problem 2: (10 points)
Let X « L?(0, 27) be the set of all functions u(x) such that
K -
ux)= lim Y axe'® in L*-norm, with |axl < (1 + k7.
K—oo ke K

Prove that X is compact in L?(0,27).



Problem 3: (10 points)
For e > 0, we set

() = 1 sin( €EnX ) €
et =¥ et el v e
and define the convolution for u € L?(R):

Ne* U(X) = fRne(x—y)u(y) dy.

For € > 0, prove that \/€(1, * u)(x) is bounded as a function of x and ¢, and that 7, * u
converges strongly in L2(R) as € — 0. What is the limit?
Problem 4: (10 points)

Let u,: [0,1] — [0,00) denote a sequence of measurable functions satisfying

1
supf Un(x)log(2 + u,(x)) dx <oo.
n Jo

If u,(x) — u(x) almost everywhere, show that u € L' (0, 1) and that u, — uin L! strongly.
(Hint. One possible strategy is Egoroff’s Theorem.)

Problem 5: (10 points)
Let u: [0, 1] — R be absolutely continuous, satisfy #(0) = 0, and

1
f It (x))* dx < 00.
0

Prove that

. ux)
lim

x—0t

exists and determine the value of this limit.
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Problem 6: (10 points)
Consider on R? the distribution defined by the locally integrable function

1 .
_ 5 lft*|x|>0
E(x’t)*{o ifr—|x]<0

Compute the distributional derivative
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Problem 7: (10 points)
Consider
X = y+ax(1—2b—x2-y2) y=—-x+ay( —xz—yz)

with0<a<1,0<sb< %; prove that there is atleast one limit cycle and calculate the period
T(a, b) (i.e., write it as an integral).

Problem 8: (10 points)

Consider the system
X=y-2x J=p+x-y.

(a) Sketch the nullclines of the system for different values of p in order to find and clas-
sify the bifurcation that occurs at = p,.
(b) Classify the fixed points and sketch the phase portrait for p slightly smaller than ..

(c) For which values of u the system admits a stable spiral?



